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CBE 40445 
Fall 2020 
Test #2 

October 5, 2020 

1.  Tissue engineering (60 points) 

In the 1990’s, Professor Robert Langer and colleagues were culturing (rat) heart cells in 
laboratory dishes and creating thin cellular layers that would “beat” when electrically 
stimulated.  It seemed that “tissue engineering” would soon allow the synthesis of pieces of 
heart, liver or other tissue (ex vivo — outside the living creature) in a laboratory setting.  This 
tissue could then be transplanted into people to repair, say a portion of a damaged heart.  


Soon, reality struck!  The thickness of the sheets was ultimately limited by diffusion of nutrients 
and perhaps most significantly by oxygen levels.  Of course this is why blood vessels infiltrate 
all tissue and no active cells are more than ~20 μm away from a capillary (less for heart tissue).  


Even 25+ years later this limitation is a “show-stopper” despite various microfabrication 
techniques being applied to create artificial “pores” and specific efforts at synthesizing blood 
vessels.


A work around, but not at the level of functioning heart tissue is shown in figure 1. 







In this paper they note that it had previously been assumed that cells cultured inside the 
collagen rods would be healthy because there would be no internal diffusion resistance.  
However, above a certain diameter, the cultured cells die.  They use a Thiele modulus and 
effectiveness factor analysis to quantify this problem.  Note that the normal assumption for 
oxygen as a nutrient for living cells is that the reaction is 0 order.


The authors define a Thiele modulus as
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where ρcell is the cell density (cells/m3), OUR is the oxygen uptake rate per cell (mole O2/cell-s), 
Lp is the characteristic length of the cylindrical modules (m), C* is the molar concentration of O2 
in the bulk fluid (mol O2/m3) and Deff is the effective diffusivity of oxygen in the modules (m2/s).


The effectiveness factor can be defined as


 

And we know that η can be calculated using


	 


For this problem we would like to be able to support a cell density of 1 X109 cells/m3, healthy 
cells have an OUR of 5X10-15 mol/cell-s, Deff for this material is 1 X10-9 m2/s and C* = 0.001 
mol/m3.


a. What is the physical meaning of the Thiele modulus?

b. Explain how the definition here is consistent with 0 order kinetics.

c. What is the value of the Thiele modulus for a 2 mm diameter module (Lp = 5 X10-4 m)  ?
1

d. What are the values of the concentration in a 2 mm diameter module (Lp = 5 X10-4 m) at the 
center and 1/2 of the distance from the center to the surface of a module?


e. What is the effectiveness factor for this diameter?

f. If you want the effectiveness factor to be > 0.85, what is the largest diameter module that 

could be used?


The reaction is supposed to be 0 order so we can try a different approach to the analysis.  Let’s 
choose a differential equation that describes 0 order kinetics in a slab.


g. What differential equation would describe diffusion with 0 order kinetics in a slab 
(rectangular) geometry?


h. Use a solution for this 0-order rectangular geometry case to find the concentration within a 
rectangular slab that matches the 2mm particle (so the slab needs to be 5 X10-4 m) that you 
solved for in part d.  Do these match?


i. Is there a range of φ where the match should be best?  Why?


Extra credit:  What would you have to know to verify that there is no external resistance in this 
configuration? 


 The author’s didn’t consider finite length1

�2 �
�cell (OUR) LP2

C* Deff

� �
average volumetric reaction rate

reaction rate with C = C* in entire volume

� =
tanh (�)

�



3

2.  Analysis of a sequential reaction (30 points) 

Consider a reaction scheme we have seen before for A-> M using a catalyst on a surface.


It is not too hard to show that the rate of this reaction sequence is 





where


A. For which values of which parameters could the initial adsorption step be close to 
equilibrium?


B. If this is not the case, could the A* concentration be approximated as being at a steady 
state concentration?  Explain.


C. Adsorption experiments have provided a value of 10 l/mol for Kads, also kdes =0.1/s.  Use 
these rate data to “estimate” k2 and [*]0.    


D.  Suppose that an inert, B, is present that can also reversibly adsorb on the surface as


, 


Explain why this inert will affect the observed reaction rate of A->M.


E.  What you would have to know to quantify this effect?


[A] (mol/l) r  mol/(l-s)

2 2

1 1.9

0.01 0.1

A + *
kdes

kads A * k2 M + *

r =
k2 Kads [ A] [ * ]0

1 + k2
kdes

+ Kads[A]
,

Kads �
kads
kdes

B + *
kBdes

kBads B * KBads �
kBads
kBdes
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3.  A->M reaction as function of temperature. (10 points) 

For the above reaction, the follow data as function of temperature are available.


a.  What is the apparent activation energy for this reaction?

b.  Under what conditions would you expect that this activation energy could be used to get an 
accurate prediction of the rate at 340 K?


T (K) [A] (mol/l) r  mol/(l-s)

300 2 2

320 2 3.5



Test 2 additions to the formula sheet
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In[138]:= TrigToExp[Cosh[ϕ ω]]

Out[138]=
ⅇ-ϕ ω

2
+
ⅇϕ ω

2

In[139]:= TrigToExp[Sinh[ϕ ω]]

Out[139]= -
1

2
ⅇ-ϕ ω +

ⅇϕ ω

2

In[141]:= Together[TrigToExp[Tanh[ϕ ω]]]

Out[141]=
-1 + ⅇ2 ϕ ω

1 + ⅇ2 ϕ ω

In[142]:= D[Cosh[ϕ ω], ω]

Out[142]= ϕ Sinh[ϕ ω]

In[143]:= D[Sinh[ϕ ω], ω]

Out[143]= ϕ Cosh[ϕ ω]

In[144]:= D[Tanh[ϕ ω], ω]

Out[144]= ϕ Sech[ϕ ω]2

In[145]:= 1 / Sech[ϕ ω]

Out[145]= Cosh[ϕ ω]

ω ≡ x/LP,
ψ[ω] ≡ CO2[ω]/C*

Outside surface is x=1.  Middle of particle is x=1.

In[152]:= DSolve[{ D[ψ[ω], {ω, 2}] - ϕ^2 ψ[ω] ⩵ 0, ψ[1] ⩵ 1, ψ'[0] ⩵ 0}, ψ[ω], ω]

Out[152]= ψ[ω] →
ⅇϕ-ϕ ω 1 + ⅇ2 ϕ ω

1 + ⅇ2 ϕ


In[153]:= ψ[ω] /. %[[1]]

Out[153]=
ⅇϕ-ϕ ω 1 + ⅇ2 ϕ ω

1 + ⅇ2 ϕ

In[154]:= FullSimplify[ExpToTrig[%]]

Out[154]= Cosh[ϕ ω] Sech[ϕ]

In[155]:= (1 / ϕ^2 D[Cosh[ϕ ω] Sech[ϕ], ω]) /. ω → 1

Out[155]=
Tanh[ϕ]

ϕ
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Potentially useful formulae:
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V d Ci
dt

= qi Ci0 - q Ci + �i r V
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