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CBE 60544!
Spring 2014!
Final Exam!

5/8/14!"
1.  Steady and startup flow between parallel plates"

Consider a Newtonian liquid with viscosity, �  and density � , flowing between parallel 
plates of infinite extent.  We will analyze steady and transient flows caused by the top 
plate moving and the two pressures, P1 and P2 being unequal.  Note that gravity does 
not appear in this problem!""
a. For steady flows, is the combined flow caused by a moving top wall and a pressure 

imbalance the sum of the separately-derived solution for a moving top wall with 
equal P’s and the fixed top wall and unequal P’s?  Explain why or why not with 
reference to appropriate mathematics."

b. Solve the steady, separate problems and find velocity profile for each case."
c. Find the average velocity for each separate case."
d. For equal average velocity, with the same plate spacing, find the ratio of the power 

required to cause the steady flow."
e. Explain why which ever flow configuration is more efficient, is more efficient."
f. Now solve for the velocity profile as a function of time for the moving plate problem 

(no pressure gradient!) with an initial state of zero velocity everywhere.  Assume that 
at t = 0, the top plate is suddenly set to a velocity of Up."

g. How “long” does it take to reach a steady state?  Give a mathematical relation from 
your results. "

h. Find a relation for the cumulative work done to start up the flow all the way up to a 
steady flow.""
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2.  Lubrication flow in a knee joint""
The adjacent photo  shows a knee joint, 1

apparently under load, with a spacing between 
the imaged bones of 4.5-6.3 mm.  Presumably, 
much of this space is filled with cartilage with the 
remaining gap filled with synovial fluid.  ""
The intent of this problem is to examine two of 
the “model” flows that are associated with load 
bearing joints, the “slider” and the “squeeze film”.  
If we solve these two cases and enter some 
numbers we can find out that no matter how we 
might view the flow geometry and the 
mechanism of generation of the load bearing, the 
real gap will need to be considerably less that 5 
mm.""
Slider Flow.  We can use the figure from the text for this."

a. Find the velocity profile within the gap for the combined pressure driven/moving 
surface flow using the “nearly-parallel” assumption.  Note that this means that locally 
(at any x) you can assume that the profile is a fully-developed flow with a parallel 
plate geometry.  It also means that even if the outside pressure is uniform, there is a 
pressure gradient within the gap in (only) the x direction."

b. If you realize that whatever “q”, the volumetric flow is, it does not change with x and 
if you solve for the pressure gradient and then integrate the result for the length of 
the gap, you will have a relationship between the pressure change (which could now 
be set to 0), U, the geometry and “q”, the volumetric flow.  Do this and find “q” in 
terms of U , �  and the geometric variables."

c. Now find the pressure as a function of x along the gap."
d. Calculate the total “load” that the slider could support."
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and tear over time, there is a gradual reduction in JSW with
increasing age (4,5).

Osteoarthritis (OA), a degenerative disease, is a leading
cause of knee joint space narrowing. It is the most common
joint disorder and responsible for substantial economic, social
and psychological costs. Majority of individuals over the age
of 65 years in the developed nations demonstrate radiographic
evidence of OA. In Nigeria, presentation is at a much younger
age (5,6).

One of its earliest signs may be narrowing of the medial
compartment of the joint. This is followed by sub-chondral
sclerosis and cystic changes of the articular surfaces. Spur for-
mation may also occur on the tibial spine (5).

The measurement of the distance between the distal femur
and the proximal tibia (the JSW), is an indirect way of measur-
ing cartilage thickness; this has become a reproducible tool for
the assessment of progressive knee cartilage degenerative
conditions (5). It is also of value in the evaluation of disease-
modifying therapies for OA (7–9). This study determines the
normal reference values of knee JSW on computed radio-
graphic images of normal adults and correlates the measured
knee JSW with age, sex and body mass index.

2. Materials and methods

2.1. Study settings and subjects

This prospective cross sectional study was carried out at
Aminu Kano Teaching Hospital (AKTH), a tertiary health
care facility located in Kano, Northwestern Nigeria. The study
was conducted from February, 2010 to May, 2010 at the
Radiology Department of AKTH.

The study population was 160 subjects. These subjects in-
clude: consenting adults, staff, students and individuals for
pre-employment medical examinations.

Exclusion list include: individuals with clinical or radio-
graphic evidence of inflammatory or degenerative arthritis,
those previously diagnosed with chronic bone or joint disease
or injury and/or had undergone any knee surgery. They also
include those with limping and congenital limb deformities
as well as non consenting individuals.

2.2. Data collection

After obtaining approval from the ethics committee of AKTH,
written consent was obtained from each study subject. A struc-
tured data collection check list was used to document the data
on the age, gender and history of knee joint pain and injury/
surgery, limping and congenital limb deformities. Body weight
and height were measured on each participant to the nearest
0.1 kg and 0.1 M using well calibrated bathroom weighing
scale and meter rule, respectively (from which their corre-
sponding body mass indices were calculated in kg/m2) before
the knee radiographic examination.

2.3. Technique of computed knee radiography

The subjects underwent both knee radiographic examinations.
Subjects were required to stand, with their weight distributed
equally between their legs, on a piece of cardboard such that

both feet are externally rotated by 10!. Both feet were traced
with a pen onto a cardboard for the use on the remaining study
subjects. Facing and holding the sides of the erect Bucky, sub-
jects were asked to bend their knees slightly with 30! flexion
(knee flexion and foot rotation angles were confirmed by goni-
ometer; as shown in Fig. 1) such that both patellae were
pressed against the erect Bucky, containing photo-stimulable
phosphor imaging plate. The postero-anterior X-ray beam
was directed parallel to the tibial plateau at a 10! caudal beam
alignment. The position of the knee and foot was similar for all
subjects. The distance between the X-ray tube, the imaging
plate and the knee was also kept constant in all subjects. Ana-
tomical marker was placed and radiographic exposure was
made in full immobilization. All radiographs were obtained
by the same radiographer and the first twenty cases were done
under the supervision to ensure consistency of the technique.

The exposed imaging plates were subsequently digitized
using Agfa CR-35" digitizer system at an optimum gray scale
resolution. The maximum height of the JSW digitized images

Fig. 2 The frontal 30! fixed-flexion weight-bearing knee com-
puted radiograph; showing the reference points for measuring
medial and lateral tibio-femoral joint space widths (arrows).

Fig. 1 A photograph of one of the study subjects, showing the
300 knee flexion positioning for knee radiographic examination.
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e. If the h0 = 0.6 cm, hL = 0.4 cm and L = 10 cm (with a width of 4 cm), for a fluid 
viscosity of 2 Poise (i.e. g/cm-s), what is total load that could be supported?  Is this 
anything close to what your knee must be supporting.  ""

 Squeeze film"

"
Consider the knee joint as modeled by a “squeeze” film.  That is, when a load is placed 
on this geometry, there is a transient where fluid is being squeezed from the gap.  You 
can assume that except for a short distance near x=0, that the flow is pressure driven 
and fully-developed with a pseudo-steady state such that H = h(t).  That is, the flow 
instantaneously adjusts to the gap spacing.""
f.   Find an expression for the relationship between the load that can be supported and "
     the rate of change of the plate spacing.  ""
g.  From your solution or by other reasoning, explain why the greatest load can be "
     supported, for a given dh/dt, when the gap is smallest.  """"""""""""
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3.  Analysis of a “biofilm”!"
While a bacterium could exist, at least for some amount of time, as a discrete, isolated 
entity,  if a solid surface is available bacteria will be found together in large numbers in 
organized structures that can be termed “biofilms”.  If you leave a glass of water out for 
several hours you can grow your very own biofilm on the wall of the glass.  When you 
rinse it out, the substance on the wall that is more viscous than water is a mixture of 
bacteria and various molecules secreted by the bacteria to make an structure that aids 
their survival.  In particular, a biofilm that forms on an intravenous needle or tube or on 
an implanted medical device could enable bacteria growth and resistance to antibiotic 
treatment. ""
As a first level analysis, let’s consider a biofilm that is at 
steady state.  To achieve this bacteria will need a source 
of nutrients that is diffusing in from the adjacent water.  If 
we consider “� ”, as the concentration of the rate limiting 
“substrate” in the film, the equation for steady state 
concentration of  will be "2
"
� "

where we have assumed “Monod” or Michaelis-Menten or 
Langmuir-Hinshelwood (depending on your lingo 
preference) kinetics.  In this equation Df is the diffusivity, k 
is simple rate constant for the consumption of S, Ks is 
measure of the maximum amount of S that could be 
available for consumption by the bacteria within the 
“physiology” of the film.""
a. If the substrate concentration in the liquid is S0, which 

is also the interfacial concentration of Sf(z=0) and the resulting concentration within 
the film is such that Sf << Ks, find an expression for the Sf(z) within the film.  The 
thickness of the biofilm is Lf."

b. What dimensionless parameter controls the behavior of this solution."
c. Sketch some concentration profiles as this parameter is varied."
d. Now consider the same problem in the limit of S0 being a maximal value so that that 

S is in great excess.  Find the profile Sf(z) for this case. "
e. Suppose that the biofilm is actively consuming S and the water next to the film is 

stagnant, for some depth Lw, draw a new “picture” of the mass transfer process, 
write down the requisite transport equations and boundary equations.  There is no 
need to solve these. 

Sf

S f

0 = Df

∂2Sf
∂z2

−
kX f S f
Ks + Sf

 Rittmann and McCarty (1980) Biotechnology and Bioengineering 22 pp2343-23572



�5

4.  Short answers.!"
a. Explain why “stir faster” might not be as good a “use a hammer” for enhancing the 

rate of dissolution of a particulate solid in a solvent."""
b.  For a Newtonian fluid in a circular pipe, find an expression for Fz, the force "
     on the outside of the pipe necessary to keep the pipe in place."

""""
c.  For a Newtonian fluid in a circular pipe, find an expression for Fz, the force "
     on the outside of the pipe necessary to keep the pipe in place."""






































